
D A M P I N G  O F  D R I F T  W A V E S  

R.  K.  M a z i t o v  

The  d a m p i n g  of a m o n o c h r o m a t i c  wave  p r o p a g a t i n g  a t  an ang le  to  the  m a g n e t i c  f i e ld  in an 
i n h o m o g e n e o u s  p l a s m a  is  s tud ied .  The  n o n l i n e a r  equa t ions  f o r  r e s o n a n c e  p a r t i c l e s  a r e  
s o l v e d  in the  d r i f t  a p p r o x i m a t i o n .  The  n o n l i n e a r  d a m p i n g  d e c r e m e n t  is  c a l c u l a t e d ,  

We c o n s i d e r  the  d a m p i n g  of a d r i f t  wave  p r o p a g a t i n g  in a p l a s m a  wi th  d e n s i t y  and t e m p e r a t u r e  
g r a d i e n t s  which  a r e  in the  s a m e  d i r e c t i o n  ( d l n T / d l n n  > 0). We t a k e  the  ion t e m p e r a t u r e  to be  z e r o ,  We 
r e s t r i c t  o u r s e l v e s  to  the  c a s e  of q u a s i - n e u t r a l  p o t e n t i a l  o s c i l l a t i o n s  

(o / k z ~  VTe < CAICA = (H20 / 4gnorn) 1/~. (1) 

H e r e  c A is  the  A l fven  v e l o c i t y  and k z is  the  w a v e - v e c t o r  componen t  in the  d i r e c t i o n  of a cons t an t  
m a g n e t i c  f ie ld ,  

We def ine  the  n o n l i n e a r  d a m p i n g  d e c r e m e n t  T as  the  r a t i o  of the  w o r k  p e r  uni t  t i m e  A p e r f o r m e d  by  
the  e l e c t r i c  f i e ld  of the  wave  on the  r e s o n a n c e  p a r t i c l e s  in the  l o c a l i z a t i o n  r e g ion ,  to the  e n e r g y  of the  
wave .  A s  in [1-3],  we s o l v e  the  n o n l i n e a r  equa t i ons  of mo t ion  fo r  the  r e s o n a n c e  p a r t i c l e s  on the a s s u m p -  
t ion  tha t  the  wave  a m p l i t u d e  is i ndependen t  of t i m e .  We t a k e  the  e n e r g y  of the  wave  W to  be  equal  to  the  
e n e r g y  of the  wave  at  the  in i t i a l  m o m e n t  of t i m e  W0 

7" -~ A(EO)2Wo (Wo = W(Eo)).  (2) 

F o r  f r e q u e n c i e s  c l o s e  to  the  d r i f t  f r e q u e n c y  

t �9 
Wo (x) dx. J 4 -~ (~ no 

H e r e  go 0 (x) is  the  p o t e n t i a l  a m p l i t u d e  a t  the  i n i t i a l  m o m e n t  of t i m e .  In the  q u a s i c l a s s i c a l  a p p r o x i m a t i o n  
q~0(x) has  the  fo l lowing  f o r m  [4]: 

' CQ(= ,  +) 

k~(02 +z~M d~n~0 . . / - ~ -  M ~  / k ~o~ Z Hi .A kYO)H~ O) "Jr-" U ~Te d . no (x) "~ 

(3) 

In o r d e r  to d e t e r m i n e  the w o r k  p e r f o r m e d  by  the  w a v e - f i e l d  on the  r e s o n a n c e  p a r t i c l e s  we have to 
s o l v e  the  equa t i ons  of mo t ion  of the  p a r t i c l e s .  Le t  us  w r i t e  t h e s e  equa t ions  in a s y s t e m  of c o o r d i n a t e s  
which  is mov ing  a long  the ax i s  (the d i r e c t i o n  of the cons t an t  m a g n e t i c  f ie ld)  wi th  a v e l o c i t y  w/kz:  

(4) 

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  Vol .  11, No. 1, 
pp 53-55,  J a n u a r y - F e b r u a r y ,  1970. O r i g i n a l  a r t i c l e  s u b m i t t e d  M a r c h  31, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reser~Jed. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

50 



dyy  _ 
dt ra To (x) k v sin (kvy -[- kzz')  -[- o)rz~vx 

d u  __ e dz" o~ 
dt m T o ( X ) k z S i n ( k v g q - k J ) ,  u =  -~ - i -=v~  - -  ~ . 

We r e s t r i c t  o u r s e l v e s  to the  d r i f t  a p p r o x i m a t i o n  (neg lec t ing  the  p a r t i c l e  i n e r t i a  fo r  mot ion  a c r o s s  
the m a g n e t i c  f ie ld) .  We then obta in  the  s i m p l e r  s y s t e m  of equa t ions  in p l a c e  of (4): 

dz cku 
dt --  Ho To sin (kvg -]- k~z'), 

du e 
d--T = ~ q)~ sin (kvg ~ ksz '  ), 

d y  c dq>o 
-3Y = Hoo - - ~  cos (k~g + k y )  

dz '  
- - U .  

dt  

(5) 

S y s t e m  (5) has  two so lu t i ons .  M u l t i p l y i n g  the t h i r d  equa t ion  by  (ky/kzwHe)  and s u b t r a c t i n g  it f r o m  
the f i r s t  we obta in  the  f i r s t  so lu t ion  

~k~, = q .  (6)  
X, -~- O) Hekz  

I n t r o d u c i n g  the  new v a r i a b l e  

= kyg -4- k d  

we have 

dig --~ kzu, 2- ckv d(po 
d---V - -  --ffJo--~- cos ~p. (7) 

U s i n g  Eq. (7) and  the t h i r d  equa t ion  of (5) we f ind the s e c o n d  so lu t i on  fo r  the s y s t e m  

1/2 mu  ~ - -  eTo (x) cos ~ ~ E '  = const. (8) 

It fo l lows  f r o m  (6) and  (8) tha t  the d i s p l a c e m e n t  of the r e s o n a n c e  p a r t i c l e s  (u ~ ~/'~-~7-m) on the  x 
ax i s  is of o r d e r  

Ax -.- (kv/kzo)H~) 1/2eTo/ra. 

If we a s s u m e  that  

(k:~'kJkzo)~) V-(2eTo/m) " ~  l (9) 

then  Eqs.  (6)-(8) m a y  be  r e d u c e d  to q u a d r a t u r e s .  

Expand ing  ~0 (x), dq~0/dx in a p o w e r  s e r i e s  of Ax = (uky/wH ekz)  and  conf in ing  o u r s e l v e s  to f i r s t - o r -  
d e r  t e r m s  in (6)-(8) we have 

2 ~  k-3-i-] - -  eTo(q) cos ~ = (lo) 

An equa t ion  of th i s  t ype  a l s o  o c c u r s  in the p r o b l e m  of the d a m p i n g  of p l a s m a  o s c i l l a t i o n s  [1,2]. 

As  in [2] Eq. (10) can be  r e d u c e d  to  a f o r m  which  is  m o r e  conven ien t  f o r i n t e g r a t i o n b y  i n t r o d u c t i o n  
of the new v a r i a b l e  ~ = ~/2 r : 

~-2 =?-~-2 ( t  - -  %2 s i n  2 ~ ) .  ( 1 1 )  

H e r e  

2e(po(q) ( m )1/2-1 
X~--= "E'+e~0(q),  "~= ~ k~ . 

F o r  the  c a s e  in which ~2 < 1 the  so lu t ion  can  be  w r i t t e n  down i m m e d i a t e l y  a s  

/~(~, ~ 0 ) = F ( ~ ,  ~ ) - -  ( t / ~ ) .  (i2) 

F o r  ~2 > 1 the  so lu t i on  can  a l s o  be  w r i t t e n  down wi th  the  he lp  of e l l i p t i c  i n t e g r a l s  if we u s e  the new v a r i -  
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a b l e  ~ i n s t e a d  of ~, 

sin ~ = sin ~, ~'~ ---~ ~-* (i - -  X 2 sin * ~), F (X -~, ~o) = F (%-~, ~) -- t /~ (13) 

The  w o r k  p e r f o r m e d  p e r  uni t  t i m e  by  the  e l e c t r i c  f i e l d  on the r e s o n a n c e  p a r t i c l e s ,  o r  the  change  
p e r  uni t  t i m e  of k i n e t i c  e n e r g y  of the  r e s o n a n c e  p a r t i c l e s  is*  

I I T =  dx ~ g u t  - & - -  (14) 
0 --00 

Le t  us  w r i t e  the  d i s t r i b u t i o n  funct ion  at  any  m o m e n t  of t i m e  in the  f o r m  

/ (z, r  u, t) = / o  [xo (z, r  u, t), ~o (x, r  ,z, t), Uo (~, r  u, t), 01 " 
m '/, m (u ' (o\~]  (15) 

H e r e  x0, ~0, u0 a r e  the  c o o r d i n a t e s  and  v e l o c i t y  f o r  t = 0. 

U s i n g  the equa t i ons  of mo t ion  we f ind  

al 
ot e_ q% (Xo)kz sin r [ 0/o .~ ~w O/ ] 

,~o : k~yo "4- k,z~ . 
(~6) 

D i f f e r e n t i a t i n g  (16) with r e s p e c t  to  u 0 and  x 0 and  t a k i n g  into  accoun t  the  fac t  that  u 0 ~ ~ in 
the  r e s o n a n c e  r e g i o n ,  we obta in  the  fo l lowing  e x p r e s s i o n  f o r  the n o n l i n e a r  d a m p i n g  d e c r e m e n t :  

7=- dq u -{- /o Xo, ~ , o sin 

too) . k~ dno[ t  I dlnT(zo)]  
S =  kT(zo)kz di_iekzn----o(xo) d:v 2 dlnno@o) 

2ky F (  t , X/lv~ dq:o (17) 

sin % = 2 s in [F (~, ~) - t/%~, x]' cn IF (X, ~) - t/X~, X]' (g~ < 4.) 
2kv I t -1"1 d~o 

sin r = 2% -1 sn [F (%-~, ~) --.I t/~, %-1] dn [F (%-1, ~) _ t/~, %-~] (%~ > t ) .  

If we n e g l e c t  the  d i s p l a c e m e n t  of the  p a r t i c l e s  Ax c o m p a r e d  wi th  (k~) -1 and  t ake  the  v a l u e s  of d e n s i t y  
and  t e m p e r a t u r e  at  the  m i d p o i n t  of l o c a l i z a t i o n  x = 0, then (17) can be  r e d u c e d  to a v e r y  s i m p l e  f o r m :  

" ~ ~  ~)(t), o)*--~- kT(O) t dno(0) d l n T ( 0 )  (18) 
T :~- 2kzVTe(O ) Mo)Hi no(0) dx ' 1](0) = 

~-~ 64~ d (2nn~sin(ant/%vF) (2nH-t)~%sin[(2nH-t)~t/2%~Fl} 

q = e x p - - - T ,  k = F ( % ,  1 /~n) .  

(19) 

It was  shown in [2] tha t  p(t) ~ 1 a s  t ~ 0. 

U s i n g  Eqs .  (17) we can  ob ta in  an e x p r e s s i o n  f o r  the  d e c r e m e n t  which  is m o r e  e x a c t  than  (18); in s o  
do ing  it is  s u f f i c i e n t  to  t ake  t e r m s  of the  o r d e r  k~Ax into  accoun t .  

The a u t h o r  is  g r a t e f u l  to  R. Z.  Sagdeev  f o r  h is  i n t e r e s t  in the  work .  

*In what  fo l lows  we u s e  the  me thod  d e v e l o p e d  in [2] f o r  c a l c u l a t i n g  the  d e c r e m e n t .  
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